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Solving parametric partial differential equations (PDEs) with varying
initial and boundary conditions (ICBCs) is challenging.

« Classical solvers need to rerun for each parametric configuration.

* Physics-informed learning solvers often struggle with enforcing
ICBCs with soft loss penalties.

« Hard ICBC constraint (ansatz) approaches can restrict model
flexibility and potentially degrade interior solution accuracy.

Parametric PDE formulation:

 Ground truth PDE solution s with state-time x € R¢, satisfying the following
physics law and ICBC

F(s,x,u) =0,x € Q(a)
B(s,x,u) =0,x € 0Q(a)

where u is the PDE parameter and a is the ICBC parameter.

Key insight: leverage B-spline representation in physics-informed learning
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Physics-Informed Deep B-Spline Networks (PI-BSNet):
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Analytical derivatives

Analytical B-Spline derivatives for PDE loss with approximated solution:

0.00044
0.00039 o
0.00034
0.00029

' 0.00024 «~
0.00019

FD s;

FD s; Error

B-Spline s; Error

Ground Truth s;

B-Spline s;

1.0 1.0 1.0 1.0

0.00044
0.00039
0.00034
0.00029
0.00024
0.00019
0.00015
0.00010
0.00005
0.00000

0.8 0.8 0.8 0.8

0.6 0.6 0.6 0.6

o . N w
o — N w
o - N w

-

0.4
-1

-

0.4
-1

-

0.4

-

0.4
=l 0.00015
0.00010
0.00005

0.00000

0.2 -2 02 -2 02 -2 02

-3
0.0

-3
0.0

-3

0.0 0.0

-08 -04 00 04 08 -08 -04 00 04 08 -08 -04 00 04 08 -08 -04 00 04 08 ~ -08 -04 00 04 08
X X X X X

Ground Truth s, B-Spline s, FD s, B-Spline s, Error FD s, Error

1.0 1.0 1.0 1.0

0.01046
0.00930
0.00814
0.00697
0.00581 «~
0.00465
0.00349
0.00232
0.00116
0.00000

0.01046
0.00930
' 0.00814
0.00697

0.8 0.8 0.8 0.8

0.6 0.6 0.6 0.6

o N kS o
(=] N . o

o N &> o

0.00581
0.00465
p 0.00349
0.00232
0.00116
0.00000

-

0.4

-~

04

-

0.4

)

—2 04 -2 -2

0.2 =% o2 Y =4 02

-6
0.0

-6 -6

0.0 0.0

-08 -04 00 04 08 -0.8
X

0.0
-04 00 04 08 -0.8
X

-04 00 04 0.8 -08 -04 00 04 08 ~ -08 -04 00 04 08
X X X

DUQUESNE
UNIVERSITY

z MITSUBISHI ELECTRIC
RESEARCH LABORATORIES

Theoretical Analysis

Definitions:
« PDE and ICBC parameters u and a in bounded domain ‘U and A

*  Ground truth PDE solution s, ,(x, t), where (x,t) € [ay, by]X ---X[ay, b,] € R™.

«  PI-BSNet prediction §, o (x, t)

~

/Theorem (universal approximator):
For any PDE and ICBC parameters u € ‘U and a € A , with
corresponding solution s, ,,, there exists a PI-BSNet configuration such

that for any € > 0,

||§u,a o Su,a||2 <€,

\where I-1|, is the L, norm.

/

KI'heorem (generalization error bound): \
For any elliptic or parabolic PDE, for any u € U and a € A, given the taining
loss enforcement density Az and Aa and final training loss &, the prediction
error is bounded by

sup|sua(x t) — Sy a(x, t)| < ¢ + L(Au + Aa),

(x.t)

there c, L are constants.
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1. Assured boundary compliance
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2. Efficient and accurate learning
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3. Handles nonhomogeneous ICBC
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4. Handles complex domain & long horizon
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