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Physics-Informed Deep B-Spline Networks (PI-BSNet):

Key insight: leverage B-spline representation in physics-informed learning

B-spline basis functions
generated through Cox-de Boor formula

E#,% , : F	–th basis with order !
G: weights of the B-spline (control points)

B-spline approximation w/ boundary 
compliance

with clamped knot points
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PDE parameters

ICBC parameters

1. Assured boundary compliance

2. Efficient and accurate learning 3. Handles nonhomogeneous ICBC

4. Handles complex domain & long horizon

Definitions:
• PDE and ICBC parameters ! and " in bounded domain # and $
• Ground truth PDE solution %!,#(', )), where ', ) ∈ ,$, -$ ×⋯× ,%, -% ⊂ ℝ%. 
• PI-BSNet prediction %̂!,# ', )

Theorem (generalization error bound):
For any elliptic or parabolic PDE, for any ! ∈ # and , ∈ $, given the taining
loss enforcement density Δ! and Δ" and final training loss 4, the prediction
error is bounded by

sup
(',()

%̂!,# ', ) − %!,#(', )) < :4 + <(Δ! + Δ"),

where :, < are constants.

Theorem (universal approximator):
For any PDE and ICBC parameters ! ∈ # and , ∈ $	, with 

corresponding solution %!,#, there exists a PI-BSNet configuration such

that for any > > 0,

%̂!,# − %!,# * < >,
where ⋅ * is the <* norm.

Solving parametric partial differential equations (PDEs) with varying 
initial and boundary conditions (ICBCs) is challenging.

• Classical solvers need to rerun for each parametric configuration.

• Physics-informed learning solvers often struggle with enforcing 
ICBCs with soft loss penalties.

• Hard ICBC constraint (ansatz) approaches can restrict model 
flexibility and potentially degrade interior solution accuracy.

Analytical B-Spline derivatives for PDE loss with approximated solution:

Direct ICBC assignment

Analytical derivatives

Parametric PDE formulation:
• Ground truth PDE solution % with state-time ' ∈ ℝ+, satisfying the following 

physics law and ICBC
ℱ %, ', ! = 0, ' ∈ Ω "
ℬ %, ', ! = 0, ' ∈ FΩ "

where ! is the PDE parameter and " is the ICBC parameter.
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LLM-based partial differential equation (PDE) solving is difficult due to
the following challenges:

• LLM is not able to predict diverse PDE solutions directly from human
instruction.

• LLM-based solver generation suffers from code execution failures and
does not incur consistently high accuracy.

• Foundation model (FM) based methods require large dataset and hard to
generalize to settings beyond training regime without fine-tuning.
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Key insights:

• leverage operator inference insight, to enable LLM generate reliable
parametric PDE solving pipeline

Parametric operator inference (OpInf):

LLM online PDE solving:

Consider a general class of nonlinear parametric PDEs

with initial and boundary conditions

OpInf approximates the PDE dynamics within a finite subspace spanned by a set 
of basis functions

where the modal coefficients         inherit reduced dynamics given K

The operators L,M, E, G can be obtained through the following optimization

where N and Ṅ can be obtained from the snapshot data at available K, 
and P is the hyperparameter for regularization intensity

(1)

(2)

• Parse diverse human instruction, including non-technical description

• Reason over correct operator dependence according to physical law
without explicit prompts

• Construct solver based on OpInf for diverse PDE solving, through either
tool-calling or code generation

• Convert parametric PDE solving of diverse boundary conditions to
regression on operator space and ODE integration

I want to study how 
temperature moves through a 
metal rod in a cooling line, with 
diffusion rates 0.1 and 0.5.

Heat equation with ! = 0.1, 0.5

Ø Use regression on available L,M, E, G from optimization 
(2) to obtain operators for PDE parameters K of interest 

Ø Solve ODE (1) to obtain PDE solution of diverse BC

Ø Obtain correct regression 
parameterization without 
explicit prompting

• Require only small amount of data
• High execution success rate for both tool-calling and code generation
• Accurately generalize to unseen parameters and BCs, and to longer time horizon


